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Abstract—In this paper, we investigate weakly symmetric, weakly Ricci symmetric, weakly concircular symmetric and
weakly concircular Ricci symmetric properties of a Kenmotsu manifold admitting a semi-symmetric metric connection.
Some results on weakly -projectively symmetric Kenmotsu manifold with respect to a semi-symmetric metric connection
are obtained. An example of a weakly symmetric and weakly Ricci symmetric Kenmotsu manifold with respect to this
connection is constructed.
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INTRODUCTION
symmetric metric connection on a differentiable manifold.
Hayden (1932) initiated the notion of a metric connection
with torsion. Semi-symmetric metric connections were
also investigated by Prvanovic (1975), Amur and Pujar
(1978), Binh (1990), De and Biswas (1997) and many other
geometers.
A semi-symmetric connection in a Riemmanian manifold
whose torsion tensor T
(1.1)
where

then

is a 1-form and
is a (1, 1) tensor
where
is the set
Mn. In addition, if
= 0,
is known as a semi-symmetric metric connection.

by Kenmotsu (1972). A Kenmotsu manifold is not Sasakian.
Weakly symmetric and weakly Ricci symmetric manifolds

symmetric manifolds. Shaikh and Hui (2009) initiated the
notion of weakly concircular symmetric manifolds.

Mn(n > 2) is called a
weakly symmetric manifold (Tamassy and Binh 1992) if
1-forms B1, B2, B3, B4 not simultaneously zero such that the
curvature tensor R

(1.2)
for all
and is the operator of covariant
differentiation with respect to the Riemannian metric g.
A Riemannian manifold Mn(n > 2) is known as a weakly
Ricci symmetric manifold (Tamassy and Binh 1992) if
1-forms A1, A2, A3, not simultaneously zero such that the
Ricci tensor S

(1.3)
n

for all X1, X2, X3 X (M ).
A Riemannian manifold Mn(n > 2) is said to be a weakly
concircular symmetric manifold (Shaikh and Hui 2009) if
1-forms B1, B2, B3, B4, B5such that

(1.4)
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where B1, B2, B3, B4, B5 are not simultaneously zero and the
concircular curvature tensor C is given by
(1.7)
for all X1, X2, X3

.

The m-projective curvature tensor is given by
Pokhariyal and Mishra (1971) as

(1.5)
is not identically zero, r being the scalar curvature of the
manifold.
A Riemannian manifold Mn(n > 2) is called a weakly
concircular Ricci symmetric manifold (De and Ghosh 2005)
if 1-forms A1, A2, A3, not simultaneously zero such that the
concircular Ricci tensor P given by

(1.8)
where S(X1, X2) = g(QX1, X2) is the Ricci tensor of type (0, 2)
and Q is the Ricci operator.
Since the properties of the Riemannian curvature tensor
are also the properties of the m-projective curvature tensor,
m-projectively symmetric manifold
as a non m
Mn(n > 2) where

(1.6)

(1.9)

PRELIMINARIES

where M(X2, X3 ,X4, X5) = g(M(X2, X3)X4, X5) is the associative
m
X1, X2, X3,
X4, X5 X (Mn).

An n(= 2m + 1)– dimensional differentiable manifold Mn(n > 2)
is called an almost contact manifold (Blair 1976) if
an
almost contact structure
satisfying or equivalently,

In 2015, Prakasha and Vikas studied weakly symmetric
properties of Kenmotsu manifolds admitting a quartersymmetric metric connection. This motivated us to study
the properties of these manifolds with respect to a semisymmetric metric connection.

(2.1)
(2.2)
or equivalently,

This paper is divided into sections as follows: Section 2
is on a brief study of Kenmotsu manifolds. In section 3, we
have some basic results on Kenmotsu manifolds admitting
a semi-symmetric metric connection. Sections 4 and 5
are devoted to the study of weakly symmetric and weakly
Ricci symmetric Kenmotsu manifolds admitting a semisymmetric metric connection. In section 6, some results on
weakly concircular and weakly concircular Ricci symmetric
Kenmotsu manifolds with respect to a semi-symmetric
metric connection are obtained. In section 7, we study some
properties of a weakly m-projectively symmetric Kenmotsu
manifold admitting a semi-symmetric metric connection.
Finally, we construct an example of a weakly symmetric
Kenmotsu manifolds with respect to a semi-symmetric
metric connection which is also weakly Ricci symmetric.

(2.3)
is a
1-form and g is the Riemmanian metric. In addition, if
(2.4)
(2.5)
(2.6)
where, X1, X2, X3 X (Mn) then Mn is called a Kenmotsu
manifold. Here, is the operator of covariant differentiation
with respect to the metric g.
In a Kenmotsu manifold, we have the following relations
(Kenmotsu 1972):
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WEAKLY SYMMETRIC KENMOTSU

(2.7)
(2.8)

SYMMETRIC METRIC CONNECTION

(2.9)
(2.10)

D

(2.11)

called a weakly symmetric Kenmotsu manifold with respect

Mn(n > 2) is

to the semi-symmetric metric connection

where X1, X2 X (Mn) and R and S are the Riemmanian
curvature tensor and the Ricci tensor of Mn respectively.

if

1-forms

B1, B2, B3, B4, not simultaneously zero and the curvature
tensor with respect to the semi-symmetric metric connection

IN A KENMOTSU MANIFOLD
A semi-symmetric metric connection in a Kenmotsu
manifold is given by Yano (1970) as

(4.1)
X1, X2, X3, X4 X (Mn).

(3.1)

Theorem 4.1: In a weakly symmetric Kenmotsu

A relation between the Riemmanian curvature tensor
R with respect to the Levi-Civita connection
and the
curvature tensor with respect to the semi-symmetric metric
connection is obtained as (Prakasha et al. 2013)

manifold with respect to a semi-symmetric metric connection
, the sum of the 1-forms B1+ B3 + B4 vanishes.
Proof: Suppose equation (4.1) holds. Then, by contracting
(4.1) with respect to, X2 we obtain
(4.2)

(3.2)

where

On contracting equation (3.2), we obtain

Replacing

by

in equation

(4.2), we have

(3.3)

(4.3)

where and S are the Ricci tensors with respect to the
semi-symmetric metric connection
and the Levi-Civita
connection
respectively. Again by contraction, (3.3)
reduces to

Applying equations (3.5), (3.7), (3.8) in (4.3), we get

(3.4)

(4.4)

where and r are the scalar curvatures with respect to
and respectively.

Also,

By making use of equations (2.2), (2.7), (2.8), (2.9),
(2.10) and (2.11), we obtain

(4.5)

(3.5)

Using (2.3), (3.1) in (4.5), we get

(3.6)
(3.7)

(4.6)

(3.8)
Comparing (4.4) and (4.6), we obtain

(3.9)
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(4.17)
Adding (4.15) and (4.17) we obtain,
(4.7)
Taking X1 = X3 = in (4.7), we have

which implies (since n > 3),
(4.18)
This proves the theorem.

Since, this implies
(4.8)

WEAKLY RICCI SYMMETRIC KENMOTSU

In (4.2), we take X3 = and get,

SYMMETRIC METRIC CONNECTION
Mn(n > 2) is
said to be weakly Ricci symmetric with respect to the semisymmetric metric connection if 1-forms, A1, A2, A3, not
simultaneously zero and the Ricci tensor
with respect
to the semi-symmetric metric connection is not identically

(4.9)
Also,

(4.10)
Using (4.9) in (4.10) we obtain,

(5.1)

(4.11)

for all

Setting X4 = in (4.11), we get

.

Theorem 5.1. The necessary condition for a Kenmotsu
manifold with respect to the semi-symmetric metric
connection to be weakly Ricci symmetric with respect to
is that the sum of the associated 1-forms A1, A2, A3 vanishes
everywhere.

(4.12)
Take X1 = in (4.11), we obtain

Proof: On replacing X3 by in (5.1), we obtain

(4.13)
On replacing X4 by X1 in (4.13) we have

(5.2)
which implies on using equation (4.7),

(4.14)
Adding (4.12) and (4.14) and using equation (4.8), we obtain

(5.3)

(4.15)
In (4.10), taking X1 = X2 = we get

Substituting X1 = in (4.7) we have,

(5.4)
Now, substituting X2 = equation (5.4) becomes

(4.16)

(5.5)

Replacing X3 by in (4.16), we get
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Similarly, we can obtain

(6.3)
(5.6)

Taking X1 = X3 = X4 = equation (6.3) reduces to

and

(6.4)
(5.7)

provided

Taking the sum of (5.5), (5.6) and (5.7), we obtain

Substituting X1, X3 by in (6.3) and using (6.4), we have
(5.8)

(6.5)

This proves the theorem.

Similarly, on substituting X1, X4 by
we obtain

WEAKLY CONCIRCULAR SYMMETRIC AND
WEAKLY CONCIRCULAR RICCI KENMOTSU

in (6.3) and using (6.4),
(6.6)

and taking X3 = X4 = in (57) and using equations (3.5), (6.4),
(6.5) and (6.6) we get

SYMMETRIC CONNECTION

(6.7)

. A Kenmotsu manifold Mn(n > 2) is called a
weakly concircular symmetric Kenmotsu manifold with
respect to the semi-symmetric metric connection if

This leads to the following theorem:
Theorem 6.1: In a weakly concircular symmetric
Kenmotsu manifold admitting a semi-symmetric metric

1-forms (not simultaneously zero) B1, B2, B3, B4, B5 such that

connection , the sum of the associated 1-forms B1, B2, B4,
is given by (6.7).
A Kenmotsu manifold Mn(n > 2) is called
a weakly concircular Ricci symmetric manifold with respect
to the semi-symmetric metric connection if
1-forms

(6.1)
where

A1, A2, A3, , not simultaneously zero such that the concircular
Ricci tensor with respect to given by
is the concircular curvature tensor which is not identically
zero.
In a weakly concircular symmetric Kenmotsu manifold
admitting a semi-symmetric metric connection, B2 = B3 and B4 = B5.
So (6.1) can be written as
(6.8)
for all
(6.2)

.

Suppose (6.8) holds. Then, we have

Substituting X2 = X5 = Ei in (6.2) and taking summation
over i, 1 < i < n, we get

.(6.9)
On replacing X1, X2, X3 by in (6.9), we obtain
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X1, X2, X3, X4, X5,
A1, A2, A3, A4, A5 are 1-forms, not simultaneously zero.

(6.10)
provided

.

and

In a weakly m-projectively symmetric Kenmotsu
manifold admitting a semi-symmetric metric connection,
A2 = A3, A4 =A5. So (7.2) can be written as

Taking X1 = X2 = in (6.9) and using (6.8), we get
(6.11)
Similarly, replacing X1, X3 by and using (6.10), (6.9) becomes
(6.12)
and replacing X2, X3 by in (6.9) and using (6.10), we get

(7.3)
From equation (7.1), we can obtain

(6.13)
provided

.

Adding equations (6.11), (6.12) and (6.13), we have
(6.14)
provided
theorem:

(7.4)

. This leads to the following
where

Theorem 6.2: The sum of the associated 1-forms

Also,

A1, A2, A3 in a weakly concircular Ricci symmetric Kenmotsu
manifold which admits a semi-symmetric metric connection
is given by (6.14).

(7.5)

WEAKLY m
KENMOTSU MANIFOLDS ADMITTING A

(7.6)
Also, the m-projective curvature tensor

with respect to

A non m
manifold Mn(n > 2) is said to be weakly m
with respect to the semi-symmetric metric connection
if the m-projective curvature tensor
with respect to the
connection given by

(7.7)

(7.8)

NATURE OF THE SCALAR CURVATURE
(7.1)

METRIC CONNECTION
Let
be the Ricci operator with respect to the semisymmetric metric connection

Differentiating equation (7.7) covariantly along X1 and using
Bianchi identity, we get

(7.2)
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Again, substituting X1 = X4 = Ei in (7.12) and summing over
i, 1 < i < n, we get

which implies that
(7.14)

Thus, we have the theorem:
Theorem 7.2: If the Ricci tensor
in a weakly
m-projectively symmetric Kenmotsu manifold admitting a
semi-symmetric metric connection is of Codazzi type, then
is an eigen value of corresponding to the eigen vector X
Example: Let
linearly independent vectors in M3,

(7.9)

Choose

Suppose the Ricci tensor is of Codazzi type, then
(7.10)
Let g be the Riemannian metric given by

Using (7.10) in (7.9), we get

Let (E1) = 0, (E2) = E3, (E3) = –E2 be the (1, 1) tensor
be given by (X3) = g(X3, E1) for
. Then, by linearity of and g,
we have

(7.11)
Suppose (7.11) holds. Then, clearly the Ricci tensor
Codazzi type. This leads to the theorem:

is of

Theorem 7.1: In a weakly m-projectively symmetric
Kenmotsu manifold, the Ricci tensor with respect to the
semi-symmetric metric connection is of Codazzi type if
and only if the relation (7.11) holds.

So for
is an almost contact structure on M3. Let
be the Levi-Civita connection with respect to g. Then, we
have

Suppose the Ricci tensor is of Codazzi type. Then,
(7.11) holds. Using (7.2) in (7.11), we get

The Riemannian connection
by Koszul’s formula,

(7.12)
where,
for all

.

Putting X2 = X5 = Ei and taking summation over i, 1 < i < n,
(7.12) reduces to

which yields

(7.13)
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From the above, it can be easily seen that ( , , , g)
is a Kenmotsu structure on M3. Hence, (M3, , ,
) is a
3-dimensional Kenmotsu manifold. By using the above
results we can easily obtain,

Thus, this is an example of a 3-dimensional Kenmotsu
manifold admitting a semi-symmetric metric connection
which is weakly symmetric and weakly Ricci symmetric.

CONCLUSION
In this study, some geometric properties of weakly
symmetric, weakly Ricci symmetric, weakly concircular
symmetric, weakly concircular Ricci symmetric and weakly
m–projectively symmetric Kenmotsu manifolds with
respect to a semi-symmetric metric connection have been
studied. The conditions for a Kenmotsu manifold to be
weakly symmetric and weakly Ricci symmetric with respect
to the semi-symmetric metric connection are obtained.
Also, we derive the relation between the 1-forms in a
weakly concircular symmetric and weakly concircular Ricci
symmetric Kenmotsu manifold admitting a semi-symmetric

manifold implies

Using the components of the curvature tensor in the
above equation we get

The semi-symmetric metric connection
(3.1) which gives

is given by

for the Ricci tensor in a weakly m-projectively symmetric
Kenmotsu manifold admitting a semi-symmetric metric
connection to be Codazzi is obtained and the nature of the
scalar curvature in this manifold is discussed.
By using (3.2), we have
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